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Abstract This paper addresses the problem of
estimating a binomial proportion from several
independent samples in agricultural research, where
the arithmetic average is widely used. The penalties
of using a suboptimal estimator, the arithmetic
estimator, relative to the preferred best estimator, the
weighted average, are theoretically and empirically
investigated, using numerical illustrations and
simulation studies. Raw count data from a study of
the proportion of inoculated transgenic hairy roots
expressing resistance to cyst nematode in soybean
(Glycine max) cultivars and a set of 10 examples of
proportion estimation involving several independent
samples are used for a practical evaluation of the
findings. Results show that using the arithmetic
average estimator can inflate variance and widen
large sample confidence intervals of the estimates.
The weighted average is recommended.
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THE PROBLEM: A SUBOPTIMAL
ESTIMATOR IS BEING USED

Many areas of agricultural research use count data,
modelled by a binomial distribution, to estimate the
proportionate occurrence of a certain event. Exam-
ples include the proportion of plants affected by the
incidence of a particular disease or insect pest, the
survival percentage of insect pests after application
of certain chemicals, the germination percentage of
seeds, and the proportion of environments in which
a new variety outperforms the local control. When
count data from a series of such samples (generally
of different sizes) have been recorded and pooled for
estimating the underlying proportion, the question
arises as to how this proportion should be estimated.
We emphasise strongly that throughout this paper it
is assumed that there is a single underlying true pro-
portion p of interest for all the binomial samples
under study.

Two methods are commonly considered for esti-
mation of p: arithmetic averaging, which divides the
sum of all these sample proportions by the total
number of samples; and weighted averaging, which
estimates the proportion via dividing the total count
from all the samples by the total sample size. Sup-
pose K independent samples have been taken and let
Xi (i = 1,2,…,K) represent the number of occurrences
of a particular event in the ith sample, with ni the
corresponding sample size. The true underlying pro-
portion of occurrence p for this event is estimated
by Yi = Xi/ni. Evidently Xi follows a binomial distri-
bution, or Xi ~ B(ni, p). The arithmetic average esti-
mator of the population proportion p is defined as:

p Y KA i= Â /

The contrasting weighted average estimator of p uses
the formula:
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We can think of the collective outcome from all K samples as a binomial outcome from Sni trials; the ex-
periment may be considered as having observed SXi “successes” from a binomial sample of size n = Sni

and hence the best estimator of p is p–W = SXi/Sni, not p
X

n
KA

i

i
=

Ê
ËÁ

�
�̄Â / .

Based on the concept and the definition of a “best” estimator described by Guenther (1973), p–W is a com-
plete and sufficient statistic, and the maximum likelihood estimator of p (Johnson et al. 1992).

In practice, p–W has been advocated both in quality control (Pitt 1994) and in some statistical textbooks
(Ott 1993; Ott & Mendenhall 1994), whereas p–A has not been found to be recommended in any text books.
Even among recent publications of the same journal, some researchers have used the weighted method
(Chen et al. 2000; Choi et al. 2000; Paderson & Brink 2000). Others, however, still adopt the arithmetic
average approach (Narayanan et al. 1999; Casler & van Santen 2000; Ismail et al. 2000). Although it is
clear that the weighted average should be used, we have not found any report on the consequences of adopting
a suboptimal estimator p–A.

The present study examines the theoretical and practical impact of using the suboptimal estimator for
estimating the binomial proportion. The findings are illustrated using data sets from both simulation ex-
periments and agricultural research.

COMPARISON OF THE VARIANCE OF THE TWO ESTIMATORS

Variance comparison using algebra
Since Yi = Xi/ni, where Xi ~ B(ni, p), we have E(Yi = p)  and

Var Y
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Under certain conditions (e.g., ni ≥ 25) p–A then follows a normal distribution with mean and variance given
by:
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Similarly, since Xi ~ B(ni, p), we have SXi ~ B(Sni,p) whence E(SXi) = pSni and Var(SXi) = (Sni) p(1–p).
Then p–W will follow an approximate normal distribution with mean and variance given by:
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The relative merits of p–W and p–A can thus be measured by the ratio of these two variances:
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Consider vectors x and y, where:
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Let <x, y> denote the inner product of x and y, and ||x|| and ||y|| denote the norms of x and y, respectively.
The Cauchy-Schwarz inequality gives that the relationship between the modulus of the inner product and
the norms is:
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Since K>0, this is equivalent to:
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Note that R=1 when there is equality in the Cauchy-Schwarz inequality. This is equivalent to having x=cy

for some real number c or n c
n
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1=  for all i, or ni=c for all i. Thus p–A is as good as p–W only when all

samples have the same size. When sample sizes are different, p–W is superior to p–A, having smaller variance.

Variance comparison using simulation
A simulation experiment was run to compare the two averaging methods via examining their means and
variances at varying population proportions. At each of nine equally-spaced population proportions p ranging
from 0.1 to 0.9, a set of 10 random binomial samples (so K = 10) was simulated using Minitab software for
three different types of sample size difference, as characterised by small, medium, and large coefficient of
variation of these sample sizes CVSS. The CVSS was chosen as 0.10, 0.40, and 0.81, respectively to mimic
realistic situations encountered in agricultural research (Narayanan et al. 1999; Verma et al. 1999; Chen
2000; Paderson & Brink 2000) for small, medium, and large sample size difference. For small sample size
difference, the sizes of the 10 samples are 25, 26, 27, 28, 29, 30, 31, 32, 33, and 34 respectively (hence n
= 295). For medium sample size difference, the sizes of the 10 samples are 25, 26, 27, 28, 29, 30, 57, 58,
59, and 60 respectively (hence n = 399). For large sample size difference, the sizes of the 10 samples are



296 New Zealand Journal of Crop and Horticultural Science, 2005, Vol. 33

25, 30, 35, 40, 45, 50, 185, 190, 195, and 200 respec-
tively (hence n = 995). Estimates of p–A and  p–W were
obtained over the range of population proportions.
This process was repeated 2000 times, resulting in
2000 pairs of proportion estimates (p–A  and  p–W),
which then formed the data points for calculation of
the observed means and variances of these two
methods. Estimates of Var (p–A)  and Var (p–W) as well
as their ratio R are presented, together with the theo-
retical values based on Equations 1, 2, and 3, in Fig.
1.

The results showed that  p–A and  p–W, when aver-
aged over the 2000 repetitions, were almost identi-
cal for each of the population proportion values for
small, medium, and large sample size differences (re-
sults not listed). This agrees with the numerical il-
lustrations in the section on Variance comparison

using algebra, that both  p–A and p–W are unbiased es-
timates of the population proportion for binomial
data. The variances of p–A and p–W, however, varied
with the amount of sample size difference (Fig. 1).

When sample size difference is large, the
weighted average approach consistently provided a
more reliable estimate of the true underlying propor-
tion than did the arithmetic average method, giving
stable and low variance estimates over the range of
population proportions (Fig. 1C). When sample size
difference is decreased from large to medium, the
gap between variance estimates of  p–A and  p–W closes
up substantially, although the weighted average still
consistently produces a lower variance estimate over
the range of population proportions (Fig. 1B). For
small sample size difference, there is almost no dif-
ference between variance estimates of  p–A and  p–W

Fig. 1 Variance estimates for weighted and arithmetic averages and their ratios for: A, small; B, medium; and C,
large sample size differences (CV

SS
 = 0.10, 0.40, and 0.81) from the 2000 sets of 10 binomial samples from the

simulation study. D, theoretical values for 10 samples with the three specified sample size differences.
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over the range of population proportions (Fig. 1A).
The theoretical predictions for both methods are also
shown over the range of population proportions (Fig.
1A,B,C).

The variance ratios R between these methods
were stable across all nine population proportions.
As expected, the population proportion did not in-
fluence the magnitude of R, noted in Equation 3 (Fig.
1D). The penalty incurred by adopting the subopti-
mal estimator  p–A is shown for both large and me-
dium sample size differences, with maximum
penalty found for the large sample size difference
(Fig. 1D). These findings illustrate the algebraic
results of Equations 1, 2, and 3.

The simulation results suggest that the use of the
suboptimal estimator p–A is not penalised in variance
inflation until the sample size difference is reason-
ably large, producing CVSS significantly larger than
0.10, approaching 0.40.

CONFIDENCE INTERVAL

Confidence interval using algebraic analysis
A 95% large sample confidence interval for p, based
on p–W  is:

p p p nW i± Â1 96 1. ( – ) / , with width of

D p p nW i= Â3 92 1. ( – ) / (4)

Using  p–A, in contrast, a 95% large sample confi-
dence interval for p is:
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Thus, the width of the confidence interval based on
p–A is always larger than that based on  p–W, as long
as the sample sizes are unequal. The effect of using
the suboptimal estimator  p–A is to widen the confi-
dence interval for p.

Confidence interval using simulation analysis
The penalties for using the suboptimal estimator p–A,
relative to p–W, were demonstrated using simulation
in the section on Variance comparison using simu-
lation. As shown in that section,  p–A and  p–W  are very

close to p for each of the nine proportions ranging
from 0.1 to 0.9, owing to large sample size. Hence,
the difference between confidence intervals based on
p–A and p–W  is solely determined by the difference

between  Var pA( )  and  Var pW( ) . Results show
that for both theoretical and observed estimates, the
width of a confidence interval for p based on  p–W is
always narrower than one based on p–A (Table 1). The
width of a 95% confidence interval for p based on
p–W  is theoretically only 0.221 times of that for p–A ,
and ranges from 0.205 to 0.235 for the observed
simulation results (Table 1).

IMPLICATIONS AND
RECOMMENDATIONS

The variance ratio R K n
ni

i
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is an indicator of the relative merit of the weighted
and arithmetic averages. It is influenced by three fac-
tors, the number of independent samples K, the to-
tal sample size n = Sni, and the value of S

ni
–1. Evidently

S
ni
–1  is determined by how much these ni differ from

one another and essentially it reflects the variance
of N where the sample sizes ni, i = 1,2,..,K,  may be
thought of as K outcomes from a random variable
N.

For a given K, the ratio R will decrease if ni are
chosen such that n is kept approximately constant
while allowing the variance of N to increase. This
is because S

ni
–1  increases as Var(N) increases, pro-

vided the mean of N (given by n–
K
) remains approxi-

mately constant.
We also notice from Table 1 that the penalty is

greatest when the sample size difference is large
(CVSS = 0.81), followed by the medium sample size
difference (CVSS = 0.40). There is almost no differ-
ence in confidence interval width when the sample
size difference is small (CVSS = 0.10). Population
proportions have no influence on the confidence
interval width. The above analysis demonstrates
when  p–W  is superior to p–A in estimating p when a
single underlying proportion exists.

In agricultural research or surveys, it is recom-
mended that the weighted average approach be used
when proportion data from a series of samples needs
to be pooled or averaged, provided that it is reason-
able that a single underlying p exists. The subopti-
mal estimator  p–A has to be used, however, when ni
and Xi are not known individually but only the
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Yi = Xi/ni are available, for example, when the data
collector only presents the percentages for different
samples. In this instance we have no choice but to
use the arithmetic averaging approach as a substi-
tute for weighted averaging.

APPLICATIONS IN
AGRICULTURAL RESEARCH

We used data from a study of inoculated transgenic
hairy roots expressing b-glucuronidase (GUS) activ-
ity in soybean (Glycine max (L.) Merrill) in 1999,
where a series of ratio estimates needed to be pooled
over four cultivars (Narayanan et al. 1999). The GUS
histochemical staining activity is measured as being
regulated by three promoters: (1) the cauliflower
mosaic virus (CaMV 35S); (2) the chalcone syn-
thase-8 (CHS); and (3) the phenylalanine ammonia
(PAL). The results are listed in Table 2, where the
number of hairy roots expressing GUS activity and
the total number of hairy roots sampled in each
cultivar are shown. The aim was to estimate the
average or pooled proportion of hairy roots express-
ing GUS activity of all four cultivars in soybean. A
pooled estimate of the proportion using data from all
four samples was considered appropriate, since the
proportion estimates of all five locations are similar
(a statistical test for difference between the four
sample proportions gives c2 = 4.719, d.f. = 3,
P = 0.194). Thus, a single underlying proportion is
considered a reasonable assumption for this data set.

The first part of Table 2 details the data collected
in each cultivar (considered as a sample in this con-
text). The second part of the table gives estimates
(using the two estimators) of the population binomial
proportion, the variances of the two estimators and
their ratio R = Var(p–W)/Var(p–A). Using data from all
four cultivars, the average proportion of hairy roots
expressing GUS is p–A if the arithmetic average
method is adopted, in comparison to a larger estimate
of p–W with the weighted average method. The dif-
ference in the overall proportion estimates is c. 2%,
which is relatively large in comparison to the pub-
lished data found from other available sources (Chen
et al. 2000; Choi et al. 2000; Paderson & Brink
2000). This is because for most of the published data
the differences between sample sizes ni and between
the individual sample proportion estimates are small,
so that differences between p–A and p–W  are also small.
Data of this type can be found in Levine et al. (2000,
p. 131) and Kempthorne (1957, pp. 152–154), where
the p–A and p–W estimates were 73.3% and 72.9% for
the former, and 52.0% and 51.5% for the latter. Ex-
amples of this type may explain why the issue of
choice between the arithmetic and weighted average
methods has not drawn sufficient attention from
applied agricultural scientists, and why many keep
using the arithmetic average.

In our example, the estimated variances of p–A and
p–W are 0.00104 and 0.00093, respectively, resulting
in R = Var(p–W)/Var(p–A) = 0.8942. Since the
magnitudes of these variances are small, the width

Table 2 Frequency and proportion of inoculated transgenic hairy roots expressing b-glucuronidase (GUS)
histochemical staining activity regulated by promoter CaMV 35S in four soybean (Glycine max) cultivars (data
source: table 1, Crop Science 1999, 39: 1680–1686).

No. of hairy roots Proportion expressing
Cultivar No. of hairy roots ni expressing GUS activity xi GUS activity

Agassiz 44 21 0.4773
Parker 58 29 0.5000
Bell 59 28 0.4746
Faribault 105 65 0.6190

Coefficient of variation for sample sizes CV (ni) 0.3995
p–W 0.5376
p–A 0.5177
Variance estimate for the arithmetic average Var(p–W) 0.00093
Variance stimate for the weighted average Var(p–A) 0.00104
Variance ratio of the two estimators R̂ = Var(p–W)/Var(p–A) 0.8942
95% confidence interval for p based on p–W 0.4777~0.5975
95% confidence interval for p based on p–A 0.4546~0.5808
Ratio of the widths of confidence intervals between p–W  and  p–A 0.9494



300 New Zealand Journal of Crop and Horticultural Science, 2005, Vol. 33

of a 95% confidence interval based on p–W is only
marginally smaller than that based on p–A, with the
ratio of the widths being 0.9494. As expected, the
penalty for using the suboptimal estimator p–A is rela-
tively small in this example in the width of the con-
fidence interval. The main reason for this result is
the relatively large overall sample size n = 266,
which causes the variances for both estimators to be
very small. Nevertheless, there is gain in using p–W
because p–A – p

–
W  ª 2%.

Additional examples in agricultural research
Eight real examples in agricultural research (four
from Paderson & Brink 2000; one from Verma et al.
1999; one from Chen 2000; two from Narayanan et
al. 1999), where raw count data are available (for
details see Appendix 1), are used to illustrate the
findings of the present study. For all, we assume that
it is reasonable that a single underlying exists.
Table 3 shows penalties for using the suboptimal es-
timator p–A, relative to pp–W, in variance inflation of the
estimates and in increased width of a 95% confi-
dence interval.

It can be seen from Table 3 that the p–A  and p–W
estimates are generally close in these instances. The
difference between variances of the p–A and p–W esti-
mates, however, can be substantial, with the variance
of p–A  always larger than that of p–W. This is illustrated
by the variance ratio of the two estimators, ranging
from 0.8102 to 0.9954 (Table 3). Similarly, the width
of the 95% large sample confidence interval based

on p–W is always smaller than based on the subopti-
mal estimator p–A, with the ratio of the two being
smaller than 1. Thus, using p–A for estimation of the
proportion produces more uncertainty and hence is
not preferred. In contrast, p–W should be used in that
its variance and confidence interval width are both
small.

It should be noted that the advantage of using the
weighted average approach can be fully demon-
strated only when CVSS is relatively large. For the
examples shown in Table 3, when CVSS <0.20, the
penalty of using the suboptimal estimator is so small
that the variance ratio estimate almost reaches 1 for
examples 1, 2, and 3. In comparison, the penalty is
larger for other instances, where CVSS is larger than
0.20, but generally with the ratio of 0.93 or below.
Using the measure in this study, most of these ex-
amples belong to “medium sample size difference”,
except for example 8 which demonstrates large sam-
ple size difference. This may be the reason why dif-
ferentiating between the two estimators, when a
single underlying p exists, has not drawn sufficient
attention from agricultural research scientists.

DISCUSSION AND CONCLUSIONS

When count data from different independent sam-
ples (generally of different sizes) have been recorded
and pooled for estimating the underlying proportion
in agricultural research, the commonly arising

Table 3 Some real examples in agricultural research, illustrating penalties incurred through using the
suboptimal estimator, where the variance ratio R̂ = Var(p–W)/Var(p–A).

Variance
Example CVSS Estimator p estimate ¥104 R̂ 95% confidence interval

1 0.076 Arithmetic average 0.9188 0.0805 0.9954 [0.9133, 0.9244]
Weighted average 0.9181 0.0801 [0.9126, 0.9237]

2 0.150 Arithmetic average 0.8516 0.0764 0.9828 [0.8462, 0.8570]
Weighted average 0.8528 0.0751 [0.8474, 0.8581]

3 0.196 Arithmetic average 0.1012 0.2533 0.9620 [0.0913, 0.1110]
Weighted average 0.1012 0.2437 [0.0916, 0.1109]

4 0.295 Arithmetic average 0.4606 7.5079 0.9298 [0.4069, 0.5143]
Weighted average 0.4463 6.9808 [0.3945, 0.4981]

5 0.354 Arithmetic average 0.7728 5.0168 0.8714 [0.7289, 0.8168]
Weighted average 0.7941 4.3715 [0.7531, 0.8351]

6 0.440 Arithmetic average 0.6541 0.4688 0.8580 [0.6407, 0.6675]
Weighted average 0.6785 0.4022 [0.6660, 0.6909]

7 0.443 Arithmetic average 0.7502 0.4903 0.8722 [0.7365, 0.7639]
Weighted average 0.7762 0.4276 [0.7634, 0.7890]

8 0.572 Arithmetic average 0.7667 4.1866 0.8102 [0.7266, 0.8068]
Weighted average 0.7546 3.3918 [0.7185, 0.7907]
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question is, “How should this proportion be esti-
mated?” Two types of situation are possible: there
is a single underlying true proportion p of interest
for all the samples, or the population proportions
differ for these samples.

We have considered the example where p itself
has a distribution in the companion paper (Wood et
al. 2005). This situation arises commonly in prac-
tice and requires us to estimate the underlying mean
binomial proportion, with either of the two com-
monly used estimators, the arithmetic average and
the weighted average of the observed sample pro-
portions. The paper evaluates the variances of the
two estimators and uses the difference to decide
which estimator is preferred in a given context. The
relative merits of the estimators depend on the dis-
tribution of the proportions and the sizes of samples
under study. The findings are illustrated using both
simulation and count data of feeding incidents in-
volving fruit for nine different kaka, an endangered
New Zealand parrot species.

Results of the present study show that when a
single underlying proportion exists, the weighted
average approach should be adopted for estimating
the binomial proportion. Using the suboptimal arith-
metic average estimator, which is still a popular
practice in agricultural research, could lead to in-
flated variance of the estimator and so to a wider
large sample confidence interval. The arithmetic
average pp–A has to be used, however, when ni and xi
are not known but only the yi are available, for ex-
ample, when the data collector only presents the
percentages for different samples.
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